In this paper, we first give a new fixed point theorem for generalizedĆirić quasi-contraction maps in generalized metric spaces. Then we derive a common fixed point result for quasi-contractive type maps. Some examples are given to support our results. Our results extend and improve some fixed point and common fixed point theorems in the literature. MSC: 47H10
Introduction and preliminaries
The well-known Banach fixed point theorem asserts that if (X, d) is a complete metric space and T : X → X is a map such that d(Tx, Ty) ≤ cd(x, y) for each x, y ∈ X, where  ≤ c < , then T has a unique fixed pointx ∈ X and for any x  ∈ X, the sequence {T n x  } converges tox.
In recent years, a number of generalizations of the above Banach contraction principle have appeared. Of all these, the following generalization of Ćirić [] stands at the top.
Theorem . Let (X, d) be a complete metric space. Let T : X → X be a Ćirić quasicontraction map, that is, there exists c <  such that d(Tx, Ty) ≤ c max d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)
for any x, y ∈ X. Then T has a unique fixed pointx ∈ X and for any x  ∈ X, the sequence {T n x  } converges tox.
For other generalizations of the above theorem, see [] and the references therein.
Main results
Let X be a nonempty set and let d : We now introduce the concept of a generalized Ćirić quasi-contraction map in generalized metric spaces. Definition . Let (X, d) be a generalized metric space. The self-map T : X → X is said to be a generalized Ćirić quasi-contraction if
for any x, y ∈ X, where α : [, ∞] → [, ) is a mapping.
As the following simple example due to Sastry and Naidu [] shows, Theorem . is not true for generalized Ćirić quasi-contraction maps even if we suppose α is continuous and increasing.
Example . Let X = [, ∞) with the usual metric, T : X → X be given by Tx = x. Define
. Then, clearly, α is continuous and increasing, and
for each x, y ∈ X, but T has no fixed point. Assume that there exists an x  ∈ X with the bounded orbit, that is, the sequence
Thus, T n  - x  is a fixed point of T, the sequence {T n x  } is convergent to T n  - x  , and we are finished (note that T n x  = T n  - x  for each n ≥ n  ). So, we may assume that T n- x  = T n x  for each n ∈ N. Now, we show that there exists  < c <  such that
On the contrary, assume that
Since by our as-
} is bounded too, and so, by passing to subsequences if necessary, we may as-
. Then from (.), we have lim sup t→r  α(t) = , a contradiction. Thus, (.) holds. Now, we show that {T n x  } is a Cauchy sequence. To prove the claim, we first show by induction that for each n ≥ ,
where K is a bound for the bounded sequence {d(x  , T n x  )} n . If n =  then, we get
Thus, (.) holds for n = . Suppose that (.) holds for each k < n, and we show that it holds for k = n. Since T is a generalized Ćirić quasi-contraction map, then we have
In this case, we have
where
By the assumption of induction,
Therefore, by continuing this process, we see that (.) holds for each n ≥ . From (.), we deduce that {T n x  } is a Cauchy sequence and since (X, d) is a generalized complete metric space, then there exists anx ∈ X such that lim n→∞ T n x  =x. Now, we show thatx is a fixed point of T. To show the claim, we first show that there exists  < k <  such that α(d(x, T n x  )) < k for each n ∈ N. On the contrary, assume that lim j→∞ α(d(x, T n j x  )) =  for some subsequence n j . Since lim j→∞ d(x, T n j x  ) = , then from the above, we get lim sup t→ + α(t) = , a contradiction. Since T is a generalized Ćirić quasi-contraction, then we have
Then we have
which yields d(Tx,x) = , and sox = Tx (note that  < k <  and d(Tx,x) < ∞ by our assumptions). Now, let us assume thatx andȳ are fixed points of
and sox =ȳ (note that α(d(x,ȳ)) < ).
The following example shows that in the statement of Theorem ., the condition d(x, Tx) < ∞ for each x ∈ X is necessary.
for each x, y ∈ X, but T is fixed point free. http://www.fixedpointtheoryandapplications.com/content/2013/1/26 Proof It is well known that there exists E ⊆ X such that SE = SX and S : E → X is one-toone. Now, define a map U : SE → SE by U(Sx) = Tx. Since S is one-to-one on E, U is well defined. Note that for all Sx, Sy ∈ SE. Since SE = SX is complete, by using Theorem ., there existsx ∈ X such that U(Sx) = Sx. Then Tx = Sx, and so T and S have a coincidence point, which is also unique. Since Tx = Sx and T and S commute, then we have T(Tx) = T x = TSx = STx = S x = S(Sx).
Thus, Tx = Sx is also a coincidence point of T and S. By the uniqueness of a coincidence point of T and S, we get Tx = Sx =x. 
